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Abstract—AC losses due to nonsinusoidal current waveforms A d/bo.
have been found by calculating the losses at harmonic frequencies, Porosity factor (see Fig. 1).
when the Fourier coefficients are known. An optimized foil or layer (5p2 — 1)/15.

thickness in a winding may be found by applying the Fourier anal-
ysis over a range of thickness values. This paper presents a new0

Permeability of free spacds x 10~7 H/m.

formula for the optimum foil or layer thickness, without the need
for Fourier coefficients and calculations at harmonic frequencies.

The new formula requires the rms value of the current waveform I. INTRODUCTION

and the rms value of its derivative. Itis simple, straightforward and

applies to any periodic waveshape. RANSFORMERS are operated at high frequencies in
Index Terms—AC resistance, magnetic circuits, optimization, order to reduce their size [1]. Switching circuits and res-

switching circuits, transformers. onant circuits have greatly improved the efficiencies of power

- Iy &

supplies. These power supplies have nonsinusoidal current
waveforms and give rise to additional ac losses due to har-

NOMENCLATURE ; . . .

monics. AC resistance effects due to sinusoidal currents were
Thickness of foil or layer. treated by Bennett and Larson [2] and this work was tailored
Duty cycle. specifically for transformers by Dowell [3]. These works are
Fundamental frequency of the current waveform igzsed on a one-dimensional solution of the diffusion equation
Hz. as applied to conducting parallel plates. Dowell’s formula has
Average value of current. been found to reliably predict the increased resistance in cylin-
RMS value of thexth harmonic. drical windings where the foil or layer thickness is less than
RMS value of the current waveform. 10% of the radius of curvature. The formula has been utilized in
RMS value of the derivative of the current wavemany applications such as planar magnetics by Kassakian [4]
form. and Sullivan [5], matrix transformers by Williams [6], toroidal
Ratio of the ac resistance to dc resistanceitt inductors by Cheng [7], distributed air-gaps by Evans [8] and
harmonic frequency. slot bound conductors by Hanselman [9].
Number of turns per layer. With the advent of switch mode power supplies, attention
Harmonic number. switched to nonsinusoidal current waveforms. These currents
Number of layers. o were decomposed into Fourier components; the harmonic com-
Radius of bare wire in wire-wound winding. ponents are orthogonal so that the total loss is equal to the sum of

AC resistance of a winding with sinusoidal excitathe |psses calculated by Dowell’s formula for the amplitude and
tion. o frequency of each harmonic in turn. Venkatraman [10] showed
DC resistance of a winding. _ ~ that for a pulsed waveform typical of a forward converter, there
Effective ac resistance of a winding, with arbitrarys an optimum layer thickness to minimize ac losses. Carsten
current waveform. _ [11] extended the analysis to square waveforms, which are en-
DC resistance of a winding of thickneé&g countered in full bridge converters and to triangular waveforms,
Rise time (0-100%). which occur in filter chokes. Vandelac [12] extended the anal-

Period of the current waveform. ysis to flyback converters. The optimum layer thickness is found
v/ 2/wpoo, skin depth at fundamental frequencygg follows.
w=2nf.

Skin depth at theth harmonic frequency. 1) Calculate the Fourier coefficients.

2) Calculate the losses at each harmonic frequency.
3) Calculate the total losses for each thickness in a range of
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N TABLE |
T VALIDATION RESULTS p = 6, D = 0.4,
t./T = 4%
w w, Waveform No. | Fourier Analysis | New Formula

1 0.539 0.538

2 0.490 0.481
_ke 3 0.348 0.340

- 4 0.429 0.415

5 0416 0.389

6 0.328 0.314

7 0.515 0.507

8 0.469 0.458

Fig. 1. Porosity factor for foils and round conductors. 3 0333 0324

minima p=10

Fig. 2. Plot of ac resistance versiisand number of layers.

i A

Fig. 3. Pulsed current waveform and its derivative.

This paper presents a new formula for ac resistance and the
optimum layer thickness for any current waveform. The formula
only requires knowledge of the rms value of the current wave-
form and the rms value of its derivative. Both these quantities
can be easily measured or calculated with simulation programs
such as PSPICE. The results are just as accurate as the cumber-
some method based on Fourier analysis.

Il. AC RESISTANCE

The solution of the diffusion equation for cylindrical wind-
ings is detailed in the Appendix. The asymptotic expansion of
the Bessel functions in the solution leads to Dowell’s formula
for the ac resistance of a coil wighlayers, with sinusoidal ex-
citation. The real part of Dowell’s formula gives the ac to dc
resistance factor:

R sinh 2A + sin 2A

Ry cosh 2A — cos 2A
2(p? — 1) sinh A —sin A 1

3 cosh A+ cos A @)

whereA is the ratio of the layer thicknessto the skin depth
bo. This is a very good approximation to the original cylindrical
solution, particularly if the layer thickness is less than 10% of
the radius of curvature. Windings which consist of round con-
ductors, or foils which do not extend the full winding window,
may be treated as foils with equivalent thicknéssd effective
conductivitys,, = ne. This calculation is shown graphically
in Fig. 1, a detailed treatment of wire conductors is given by
Ferreira [13] and Jongsma [14]. The orthogonality of skin and
proximity effects in wire windings is described by Ferreira [13].

The trigonometric and hyperbolic functions in (1) may be rep-
resented by the series expansions

sinh 2A +sin2A 1 4 5 16

cosh 2A —cos 2A A ' 45 4725

+

AT+0(AY) (2)

sinh A —sin A 1 17 -
D E e A AT ALY
cosh A+cosA 6 2520 +0O( ) (3)

If only terms up to the order aA® are used, the relative error

value. Furthermore Fourier coefficients are only available foriacurred in (2) is less than 1.2% fax < 1.2 and the relative

few waveforms.

error in (3) is less than 4.1% fak < 1 and is less than 8.4%
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TABLE I
FORMULAS FOR THEOPTIMUM THICKNESS OF AWINDING FOR VARIOUS WAVEFORMS, ¥ = (5p? — 1)/15, p= NO. OF LAYERS, sinc(x) = sin(x)/x
Current Waveform Lims and L' Fourier Series, i(t) Agpt
1. I, I, Sin(owt) 1
quh m s = ﬁ Aopl =1 qj
’ s = 2]
U k ms Tﬁ o
z_ D 2Dl, <& 4DI, [ Cos(nzD) 4D?
l"::‘/\ m s = loJ; —7[ = +§—1{ 2 «(-———)1_41121)2 os(not) Aam =4 v
5T S I3 \/E .
DT Y2
3. D = 4DI, (Cos(ntD/2) {Dz
2i I =1 .— o os(not A =4
Io‘h ms 0 JZ “:%d T m{)_ ( ) opt ]
S - I I 2n JB ¢
DT T T 5
T_Z_U s [ T 2
* 8t, 1,2D-1)+3 2 Sin(neD)
1.7 Irn\s =lo i E ° =
o n= A -
/—‘ 2t opl
DI T - o= A xSinc(nn—'-jCos(nmt)
\_/ t \—/ U ms ~ ‘o tT T
"o L=t fp-de | 1 p-t)e 3 Hesin nn(D-if-)
]““ s o 3T o T “~ nn T B
t Aopl =
DT T”\t,/H ¢ I =1, _tz—T xSinc(mr?'JCos(nmt)
6. ©
8t 41, . [D :,]
pll = —-—L Sin| nm| — - =L+
. t Lw = 1oy D=3 %ﬂ - R ..
N 5 2 ¢ o =
orrl | T ¢ Liws = Lo — X Sinc(nn-l-]Cos(nmt)
72 t, T T
7. X 1 2 _
1 I T Z_____Zzloim(nnD) Sin(not) A =i x°D({-D)
1T R ] minn’D(-D) ot ¥
» _ 2[o
DT T T ms T
T 7\/ ‘ T,/D(1-D)
8. D 1D & 4, . z(nnD}: )
b =1..J= + Y —2—Sin*| — Cos(nnt n
‘u—- /\ /\ / 1m\s = IOJ: 2 E thnlD 2 ( ) Aopl Y
R . 21
DT T ]rms = \/BOT
9. w
N Lo=1 D D —12612" Sinl(—nnD)Cos(noat) A "Z_D
1] /\ R I nstoad © N°D 4 s 12v
SR S R
DT T T ms
=N/ \ Jot
¢ In waveform 2 for n = k = 1/2D e N (the set of natural numbers), and in waveform 3 for n =k =1/D € N, the {expression in curly
brackets} is replaced by n/4.
if A < 1.2. The asymptotic values of the functions on the lefivhere
hand side of (2) and (3) are 1 fa&x > 2.5. Terms up to the
=2 1
order of A® are sufficiently accurate to account for the Fourier v " (5)
harmonics which are used to predict the optimum valuéof 15

which is normally in the range 0.3-1.

Thus (1) becomes

R
Rdc

W
X 14— At

3

(4)

An arbitrary periodic current waveform, may be represented

by its Fourier series

n=1

i(t) = Tac + Z ap, cos nwt + by, sin nwt. (6)
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The sine and cosine terms may be combined to give an altermdrich implies that

tive form

i(t) = Iac + Z ¢, cos(nwt + ©n )

n=1

@)

Reff Reff
=A . 18
Ryc R (18)

Evidently, a plot ofR.r/Rs versusA has the same shape as a

wherely. is _the _dc value of(t) (_':mdcn is the amplitude of the plot of R.; versusi at a given frequency. A 3-D plot d.y / Rs
nth harmonic with corresponding phagg. The rms value of versusA with p, the number of layers in the winding, on the

thenth harmonic isl,, = ¢, //2.
The total power loss due to all the harmonics is

P =Rycli. + Rac Y kp, I ®)

n=1

wherek,, is the ac resistance factor at théh harmonic fre-

guency, which may be found from (1)
sinh 24/nA + sin 2¢/nA
=+/nA
b, =V |:COSh 2/nA — cos 24/nA
+2(p2 — 1) sinh/nA — sin/nA ©)
3 cosh /nA + cos/nA |’
R.p is the ac resistance due () so thatP = Rgl?

rms?

third axis is shown in Fig. 2.

For each value of there is an optimum value @ where the
ac resistance of the winding is minimum. These optimum points
lie on the line marked minima in Fig. 2 and the corresponding
value of the optimum layer thickness is

dopt = Aopt(so- (19)
From (18), using (16)
Rg 1 W [I.71
Tt~ T A3 | fmms | 2
Ré A + 3 |:w-[rms:| ( 0)

The optimum value ofA is found by taking the derivative of

I being the rms value oft). Thus the ratio of effective ac (20) and setting it to zero

resistance to dc resistance is
o>
I(21(‘, + Z kPnIrQL
et n=1

Rae 12

(10)

The skin depth at theth harmonic is5,, = éo/+/» and, from
(4), the ac resistance factor at thih harmonic frequency is

W
kp, =1+ n?A*. (11)
Substituting (11) into (10) yields
o \P o
2 +Y 24+ — AN p2I2
eff o z—:l / 3 z—:1 /
n= n= (12)

Rae 12

rms

The rms value of the current in terms of its harmonics is

Los =T+ ) I (13)
n=1
The derivative ofi(¢) in (7) is
% =—w nz_:l ne, sin(nwt + ¢y,) (14)

and the rms value of thé_derivative of the current is [15]

/2 2 — nc2 2 — 272
I =w —r =w n-I 15
E:j 5 E:j " (15)
which, upon substitution into (12) using (13), yields
Reg v (.1
=14+ =A% | = 16
Rdc + 3 |:w-[rms ( )

d ( Reg 1 S 1P
— =—— + VA" | 2| =0 21
dA < R§ ) AQ + |:w-[rms ( )
The optimum value ofA is
1 UJII‘IDS
Aopt = 4—,—\11 —I/ . (22)

Substituting this result into (16) yields the optimum value of the
effective ac resistance with an arbitrary periodic current wave-

form:
<Reﬂ ) 4
Rdc opt 3 )

Jongsma [14] and Snelling [16] have already established this
result for sinusoidal excitation. The corresponding value for
wire conductors with sinusoidal excitation is 3/2 [14], [16].

We may also write (16) in term af,,,

R 4
ell -1 _’_1 A )
Rd(‘, 3 Aopt
We now have a set of simple formulas with which to find the
optimum value of the foil or layer thickness of a winding and

its effective ac resistance, these formulas are based on the rms
value of the current waveform and the rms value of its derivative.

(23)

(24)

IV. V ALIDATION

This is a straightforward expression for the effective resistancecgnsider the pulsed current waveform in Fig. 3 along with its

of a winding with an arbitrary current waveform and it may bgerivative. which is typical of a forward converter.
evaluated without knowledge of the Fourier coefficients of the Tis waveform has a Fourier series:

waveform.

I1l. THE OPTIMUM CONDITIONS

There is an optimum value df which gives a minimum value
of effective ac resistance. Defitd&; as the dc resistance of a foil

of thicknessdy such that
Rs d
= — = A
Rae b

(17)

it) =1, <% = %) +n§; —
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The rms value of(¢) and the the rms value of its derivativeinside and outside surfaces of the cylinder, respectively. We shall
are see shortly thati_ and H . are independent of.
Assuming cylindrical symmetry, the various components of

I =1,4/0.5— 37, the electric field intensitys and the magnetic field intensitf
307 inside the cylinder, in cylindrical coordinates ¢, =), satisfy
I =1, / 8 ' (26) the following identities:
3t OB
£, =0, E. = 0, — =0, (A3)
The optimum value ofA given by the Fourier series (25) along 9z
with (9), (10), and (18), fop = 6 andt, /T = 4% is 0.418 and H.—0, H,—0, %H:_, (A%)
the value given by the proposed formula (22) is 0.387 which ¢
represents an error of 7.4%. The two Maxwell's equations above then reduce to
Waveform 5 in Table Il is an approximation to the pulse in oH.
Fig. 3 and the optimum value @k using Fourier analysis is — 87’4 =okby, (A5)

0.448 which represents an error of 7.2% when compared to the
Fourier analysis of the waveform given by (25). Evidently wave-
forms with known Fourier series are often approximations to 1 ﬁ (rEy) = —jwpoH.. (A6)
the actual waveform and can give rise to errors which are of the r
same order as the new formula, which is simpler to evaluate. Since H has only az-component and® has only ap-com-
At 50 kHz the skin depth in copper is 0.295 mm. With,: =  ponent, we drop the subscripts without ambiguity. Furthermore,
0.418, dopr = 0.295 x 0.418 = 0.123 mm. the electric and magnetic field intensities are divergence-free
The new formula may be validated by comparing the valughd so it follows thatZ and H are functions of- only. Substi-
of Aopt obtained with (22) and the value obtained with FOUriqUting the expression fab given by (A5) into (AG) then y|e|ds

analysis by plotting.r/ Rs, using (18) along with (9) and (10), the ordinary differential equation
over a range of values ak and finding the optimum value.

2
The results are shown in Table | for the waveforms in Table II. d_él 1dd _ JwpooH = 0. (A7)
In general the agreement is within 3%, with the exception of d7 rodr _ o
waveform 5 where the error is 6.5%. For the Fourier analysis This is amodified Bessel's equatioithe general solution is
19 harmonics were evaluated afidg/Rs was calculated for H(r) = Aly(mr) + BKo(mr) (A8)

20 values ofA. This means that (9) was computed 380 times

for each waveform in order to find the optimum layer thicknesgshere I, and K, are modified Bessel functions of the first
(22) was computed once for the same result. For 1-3 layers & second kind, of order 0, and = +/jwpoo, SO that the
accuracy of the proposed formula is not very good, however,aigument ofl, and K, is complex. We take the principal
evidenced by Fig. 2, the plot dR.g/Rs is almost flat in the value of the square root, that {% = ¢/™/*. The coefficients
region of the optimum value ok, and therefore the errorin theA and B are determined from the boundary conditions and

ac resistance is negligible. will be complex. It is worth noting that the solutions of (A7)
are in fact combinations of the Kelvin functions with real
V. CONCLUSIONS argumentviz. ber(r\/wpugo), bei(r\/wpeo), ker(r\/wigo)

i . . and kei(r/wuoe), though in our analysis we find it more
A new formulg has bee_:n prese_nte_d tofind the optlmum_fon Yonvenient to use the modified Bessel functions with complex
layer thickness in a multilayer winding. The formula applies t

) O . ) 8rgument.
any arbitrary periodic current waveform. It is computationally Atypical transformer cross-section is shown in Fig. 5(a) with

easier to use than Fourler analysis wh|IelenJ.oy|ng the same legglsociated M.M.F. diagram and current density distribution for a
of accuracy. It _has a W_|der_range_ of application than the I:Ourlﬁo-turn primary and a three-turn secondary winding. The phys-
approach by virtue of its simplicity. ical dimensions of a generalizath layer are shown in Fig. 5(b)
(the innermost layer is counted as layer 1). We assume that the
APPENDIX magnetic material in the core is ide@l,(— o0, o — 0) so that
AC RESISTANCE IN ACYLINDRICAL CONDUCTOR the magnetic field intensity goes to zero inside the core. We also
For a magnetoquasistatic system, Maxwell’'s equations irRasume that the dimensienis much greater than the radial di-
linear homogeneous isotropic medium take the following fornfaensions so that end effects are taken as negligible.
Invoking Ampere’s law for the closed lood$, andC; in a
VxH=0F, (A1) high permeability corei(,. > 1):
OH
VxE= —NOE. (A2) HOI% (Ag)
The annular cylindrical conducting layer, shown in Fig. 4 carrieshere N is the number of turns in layet, each carrying con-
a sinusoidal current,(t) = Ise’**. The conductivity of the stantcurrenf.n here refers to the layer number and should not
conducting medium is and the physical dimensions are showbe confused with the harmonic numbeas used in the body of
in Fig. 4. H_ and H, are the magnetic fields parallel to thethe paper. Applying the inner and outer boundary conditions for
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where we define
U = Ip(mry,, ) Ko(mry,,) — Ko(mr,, ) lo(mry,,).  (A18)

In a similar fashion, we find the power per unit length (around
the core) of the outside surface of layers
P, = —E(r, )H(r,, )w
=0 nH,w[Al(mr,,) — BK;(mry,)]
g
N2I2m
=3 {n2[Io(mrn, ) K1 (miry,)
+ Ko(mry, ) 11 (mr,, )] — n(n — 1)
“[o(mrn, ) Ky (mrn,) + Ko(mrn, )1 (mrs, )]}
Fig. 4. Conducting cylinder. (A]_g)

layern, i.e., H(rn.) = (n — 1)H, andH(r,.) = nH, to the The minus sign is required to find the power into the outer sur-

. ) e face.
general solution (A8) we obtain the coefficients We now assume thatr >>> 1 and use the leading terms in the
A [(nKo(mry,) — (n — ) Ko(mry, )| Ho (AL0) asymptotic approximations for the modified Bessel functions in
T Io(mrn, ) Ko(mry,,) — Ko(mr,, ) Io(mry, ) (A17) and (A19) [noting for purposes of validiyg(mr) =
/4 < 7 /2]
1 1
[(=ndo(mra,)+ (0 — V)lo(mra, )1 H, To(mr Li(mr) ~
= : d . (A1l R ,
Io(mrn )V Ko(mry, ) — Ko(mip, )lo(mra, ) ( ) \/ 27rm7 vV2rmr
. . . i 7T7l’l 77717‘
The corresponding value @&(r) is found from (A5), that is (mr) ~ o © Ki(mr) ~ . - (A20)
E(r) = _1dH(r) (A12) Substituting these into (A17) and (A19) and rearranging, yields
o dr the total power dissipation for layeras
Using the modified Bessel function identities N2I2m
J P.+P, = {(2 —2n + 1) coth(md,,)
— Io(mr) =mly (mr) (A13)

dr 7’L —n Tn, Tn;
N e / : A21
4 Ko(mr) = —mKi(mr) (A14) ~ sinh(md,) < )} (A1)

dr
R o ) whered,, = r,, — 7,, is the thickness of layet. This result
the electric field intensity is then given by was obtained from the Poynting vector for the complex field in-
m tensities, so the real part represents the actual power dissipation.
E(r) = _;[A‘Tl(m” — BE(mr)]. (AL5) We now assume that each layer has constant thickhess

The Poynting vectols x H [17] represents the energy fluxthat dn = d (mdependent o). Furthermore we assume that
ﬁ < r,,. Then using the Taylor expansion

density per unit area crossing the surface per unit time. In the

cylindrical coordinate system illustrated in Fig. 4, the power 1 e? 3
per unit area into the cylinder is given # x H on the inside V1ite+ Jire 24 +0() (A22)

surface and-E x H on the outside surface. SinéeandH are ] . ) )
orthogonal, the magnitude of the Poynting vector is simply tgfollows that if d/r,,, < 10%, the error incurred by approxi-
productE(r)H(r) and its direction is radially outwards. mating the sum of the square roots in (A21) by 2 is in the order

The power per unit length (around the core) of the inside sifff 0-1%. Then the total power dissipation in layebecomes
face of layer is

R(Pa, + Pr,)
P, =E(r, )H(r,. 272 2 _
¥ (7m7) (7 7)u} ~ §}E<N I m |:(2n2 _ 271 + 1)C0th(md) _ M})
= — —(n - 1)H,w[Al (mr,,) — BK1(mr,,)]. (A16) ow sinh(md)
v _ % N2I? Wimd 9 L md
AandB are given by (A10) and (A11), respectively, isgiven pll L (md) + 2(n” — n)tan 5 :
by (A9) so (A23)
N2I’m 9 . .
;= n— o(mry, ) Ki(mmr,,
o7 {(n — 1) [Io( VK1 ( ) The dc power per unit length of layeris
+ Ko(mry,, )i (mrp;)] — n(n — 1) ,  (NI?
o(mrn Ky (mr, ) + Ko(mrm, )T (mr, )]} (ALT7) Pae = Rae(NI)" = = (A24)
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C]r__,,,,,,‘r ,,,,, ,C2
: ! T 1y |
N | -
}‘ﬁ y (n_1)H, nH,
| : | E(r, )
B O/ § O/ 2o gy st | E(r, )
| | 3 b
| A | L/ — "
3 Prilt}lary 3 ~ Secondary 1] } I, nth_lé‘;,er
|
2H . { (b)
HD
j -
2J0
JO
0 s
g,
2]

(a)

Fig. 5. (a) Transformer cross-section with associated MMF diagram and current density at high frequency and (b) genéridized

The ac resistance factor is the ratio of the ac resistance to thé=dem the definition ofn

resistance 14
Rae _ R(Pa, +Py) ma = o (F 0 Ja=+pa (a2
Rdc N Pdc

md whereA = d/éy and o is the skin depth. The ac resistance
=% <md [coth(md) +2(n? — n) tanh <7>D . factor forp layers is then

(A25) Rac : .
e = (A0 +5) [ootb(A0 )
Finally the general result fgr layers is de 92
p° —1 A .
+ tanh <—(1+j)>:|>
P 3 2
9?2 (Pn; + Pn,) _A sinh 2A + sin 2A
ga“ —_n=l - " 7| cosh 2A — cos 2A
de 2(p? — 1) sinh A —sin A
Pd(‘, p
nz::l + 3 cosh A + cos A} - (A29)

P [ ’
_1 §R<mdz [Coth(md) 1 2(n% —n) tanh(%lﬂ) This is Dowell’s formula.
p n=1
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